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Abstract
Some new results on relationships between cardinal invariants in compacta are obtained. We establish that every non-separable
compactum admits a continuous mapping onto a compactum of the weight ω1 that has a dense non-separable monolithic subspace
(Lemma 1). Lemma 1 easily implies Shapirovskij’s theorem that every compactum of countable tightness and of precaliber ω1
is separable. The lemma also opens the road to some generalizations of this statement and to other results. We also obtain new
results on the structure of monolithic compacta and of homogeneous compacta. In particular, a new class of shell-homogeneous
compacta is introduced and studied. One of the main results here is Theorem 31 which provides a generous sufficient condition for
a homogeneous monolithic compactum to be first countable. Many intriguing open questions are formulated.
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Our terminology is as in [5]. “A space” in this article stands for “a Tychonoff topological space”. Our notation is
very close to that in [5] and [7]. However, the tightness of X is denoted by t (X). Mostly, we are interested in the
interplay between cardinal invariants in compact spaces. Much is already known in this direction, but even more is
waiting to be discovered, we are convinced. Of particular interest seems to be Lemma 1 in Section 1. It expresses in
precise terms a curious relationship between separability of compacta and monolithicity properties of their continuous
images. Lemma 1 plays a key role in Section 1; in particular, a well-known theorem of Shapirovskij is easily derived
from it and generalized with the help of this lemma.
A central role in Section 1 belongs to the notion of precaliber. Recall that ω1 is said to be a precaliber of a space X
if every uncountable family of non-empty open sets in X contains an uncountable centered subfamily. The following
implications are well known and obvious: if a space X is separable, then ω1 is a precaliber of X, and if ω1 is a
precaliber of X, then the Souslin number of X is countable. The importance of having ω1 as a precaliber lies in
the fact that this property is absolutely productive, that is, productive with respect to arbitrary families of spaces.
Needless to say, neither the separability, nor the Souslin number are that nice. However, it is consistent with ZFC
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precaliber ω1 implies consistency with ZFC of the corresponding statement about spaces with the countable Souslin
number.
Of course, separability is a much stronger property than precaliber ω1. A fundamental question is, under which
additional restrictions they become equivalent? B.E. Shapirovskij established in [15] that if ω1 is a precaliber of a
compactum X, and the tightness of X is countable, then X is separable. In Section 1 we generalize this important
result in two ways. One of these generalizations involves the new notion of projective π -character, but the basic
generalization of Shapirovskij’s Theorem is Lemma 1 itself, since no restriction on the tightness or precalibers of the
compactum are imposed in it whatsoever.
We also establish new facts about monolithic spaces. This notion plays an important role in both sections. A space X
is said to be monolithic if, for every infinite subset A of X, the networkweight of the closure of A does not exceed the
cardinality of A. For example, all Eberlein compacta and all Corson compacta are monolithic. A fundamental question
is: when a non-empty monolithic compactum has a point of first countability? We obtain some results in this direction
in Section 2. We also study in Section 2 the structure of homogeneous compacta.
One of our main results in Section 2 is the following theorem: if (CH) holds, and X is a shell-homogeneous
compactum that cannot be continuously mapped onto Iω1 , then X is first countable, and the cardinality of X is not
greater than 2ω (Theorem 31). The notion of a shell-homogeneous space is new, and the above result shows that it
may become a useful tool on the study of homogeneity. In both sections we formulate challenging open problems.
1. Separability, precalibers, monolithicity, projective π -character in compacta
A space X will be called a bambou space if the weight of X is exactly ω1, and there is a strictly increasing transfinite
sequence η = {Yα: α ∈ ω1} of metrizable compact subspaces Yα of X such that X =⋃η =⋃{Yα: α ∈ ω1}.
Lemma 1. For every non-separable compact space X, there is a continuous mapping of X onto a space Z of the
weight ω1 that has a dense bambou subspace.
Proof. We will build up a mapping h of X to the Tychonoff cube Iω1 = Π{Iα: α < ω1}, where Iα is the usual unit
interval of the real line R. To do that, we first define, by a transfinite recursion, continuous real-valued functions
fα :X → Iα and continuous mappings hα of X to Iω1 . We are also going to define a compact subspace Kα of X, for
each α < ω1.
To define the sets Kα , we will need the following concept generalizing the concept of an irreducible mapping.
A mapping f of a space T onto a space M will be said to be irreducible with respect to a certain subset A of T if, for
every closed subset B of T such that A ⊂ B and B = T , we have f (B) = M .
The next Fact 1 is proved by an obvious standard argument using Zorn’s Lemma (see the proof of the corresponding
statement about irreducible mappings in [8]). So we omit the proof.
Fact 1. For every continuous mapping f of a compact space T onto a space M and every subset A of T , there is a
closed subspace K of T such that A ⊂ K , f (K) = M , and the restriction of f to K is irreducible with respect to A.
We will also need the following:
Fact 2. If f is a continuous mapping of a compact space T onto a separable space M , and f is irreducible with respect
to some separable subspace A of T , then T is also separable.
Indeed, fix a countable dense subset B of A and a countable dense subset L of M . Fix also a countable subset C
of T such that f (C) = L and the restriction of f to C is one-to-one. Let us show that the set S = B ∪C is dense in T .
Take any non-empty open subset U of T . If U intersects A, then U intersects B , and therefore U intersects S.
It remains to consider the case when U ∩ A = ∅. Then F = T \ U is a proper closed subspace of T . Since f is
irreducible with respect to A, we have V = M \ f (F ) = ∅. Observe that V is open in M , since M is Hausdorff and
f (F ) is compact. Therefore, V intersects L which implies that U intersects C. Hence, U intersects S as well, that is,
S is dense in T , and T is separable. Fact 2 is established.
2130 A.V. Arhangel’skii / Topology and its Applications 155 (2008) 2128–2136We continue the proof of Lemma 1.
The construction. For a point y of Iω1 , let yα denote the αth coordinate of y. For each α < ω1, let hα be the
mapping of X to Iα = I defined by the rule: for each x ∈ X, hα(x) = 0. We define θ ∈ Iω1 by θα = 0, for every
α < ω1.
Let us agree that if functions fβ :X → Iβ = I are already defined for every β < α, for some α < ω1, then the
mapping gα of X to Iω1 is defined in the following way. Take any x ∈ X and put gα(x) = y ∈ Iω1 , where yβ = fβ(x),
for each β < α, and yβ = 0, whenever ω1 > β  α.
We proceed by transfinite recursion.
Put g0(x) = θ , for each x in X. Now take any point a in X and put K0 = {a} and Y0 = {θ}. Clearly, g0(K0) = Y0.
Observe that k0 is separable.
Assume that α < ω1, and for every β < α a separable subspace Kβ of X and continuous functions fβ :X → Iβ = I
are defined. We define Kα , and fα as follows.
First, assume that Kα is already defined. Then we choose fα to be any non-zero continuous function from X to
Iα = I that is identically zero on Kα .
Now, to define Kα , we consider two cases.
Case 1. α is a limit ordinal. Then we put Kα to be the closure of the union of all Kβ , where β < α.
Case 2. α = ν + 1, for some ordinal ν. Then the continuous mapping gα from X to Iω1 is defined, and, taking into
account Fact 1, we can define Kα to be any closed subspace F of X such that Kν ⊂ F and the restriction of gα to F
is an irreducible with respect to Kν mapping of F onto gα(X).
Observe that Kα is separable. This is obvious in Case 1, and in Case 2 this follows from Fact 2. Thus the construc-
tion goes through all α < ω1, since X is not separable.
The construction is complete. Clearly, the sets Kα are increasing.
Put Yα = gα(X), for each α < ω1. Clearly, every Yα is a metrizable compactum. From the definitions of fα and Kα
it follows easily that the sets Yα are strictly increasing. Indeed, if y ∈ Yα , then yβ = 0, for every β  α. On the other
hand, yα = 0, for some y ∈ Yα+1.
We define a mapping g of X to Iω1 as the diagonal product of all functions fα , that is, for each x ∈ X, g(x) = y ∈
Iω1 where yα = fα(x), for every α < ω1.
Let Y be the union of Yα where α < ω1, and let Z = g(X). Clearly, Y is dense in Z, and Y is a closed subspace of
the Σ -product of Iα . Thus, Z is a Valdivia compactum (see remarks at the end of this section). We also see that Y is
a Fréchet–Urysohn space and the closure in Y of any countable subset of Y is a metrizable compactum, since every
countable subset A of Y is contained in some Yα . It follows that the space Y is not separable, since Yα is a proper
subset of Yα+1. Hence, Y is not metrizable, and the weight of Y and Z is precisely ω1. It is now clear that Y is a
bambou space. The proof is complete. 
Corollary 2. For any compact space X, the following dichotomy holds:
(a) either X is separable, or
(b) there is a continuous mapping of X onto a space Z such that the weight of Z is ω1 and some dense subspace Y
of Z is not separable.
Proof. Indeed, no bambou space is separable. 
Let us say that the projective π -character of a compact space X is countable if the π -character of every compact
space Y of the weight ω1 that is a continuous image of X is countable. In this case we will write pπχ(X)  ω.
Since in compact spaces the π -character does not exceed the tightness [13], and the tightness is not increased by
continuous mappings in the class of compact spaces, we conclude that the projective π -character of X is countable
for any compact space of countable tightness. The next lemma is obvious.
Lemma 3. If a space Z contains a dense bambou subspace Y , and the π -character of Z is countable, then Z = Y ,
that is, Z itself is a bambou space.
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mapping of X onto a bambou space of countable π -character, that is, onto a monolithic compact space Z of countable
π -character and the weight precisely ω1.
Proof. It is enough to refer to Lemmas 1 and 3, and to the definition of projective π -character (in the countable
case). 
Below we need the following obvious statement.
Fact 3. For any compact bambou space X, ω1 is not a precaliber of X. In particular, no bambou space is separable.
Theorem 5. If X is a compact space of countable projective π -character, and ω1 is a precaliber of X, then X is
separable.
Proof. Assume that X is not separable. Then, by Theorem 4, there is a continuous mapping of X onto a compact
bambou space Z. It follows that ω1 is a precaliber of Z, a contradiction to Fact 3. 
Under (MA + ¬CH) ω1 is a precaliber of any space with the countable Souslin number (see [7]). Hence, we have
the following corollary:
Corollary 6. (MA +¬CH) If X is a compact space of countable projective π -character, and the Souslin number of X
is countable, then X is separable.
The last two results imply similar statements, belonging to Shapirovskij, about compacta of countable tight-
ness [15]. Two other generalizations of these results of Shapirovskij are worth mentioning in connection with an
open question below.
Problem 7. Give an example of a compact space X such that the tightness of X is uncountable, while the projective
π -character of X is countable.
Corollary 8. (See [15].) Every locally compact space X of countable tightness, such that ω1 is a precaliber of X, is
separable.
Theorem 9. Let X be a locally compact ω-bounded space of countable tightness such that some power of X is
homeomorphic to a topological group G. Then X is compact.
Proof. Every power of X is, clearly, ω-bounded and, therefore, countably compact. Hence, G is countably compact.
However, every countably compact group is dense in a compact group [12], and ω1 is a precaliber of any compact
group, since it is a dyadic compactum (see, for example, [12]). Since precalibers are inherited by dense subspaces, it
follows that ω1 is a precaliber of G. Obviously, X is a continuous image of G. Hence, ω1 is a precaliber of X. By
Corollary 8, it follows that X is separable. Since X is ω-bounded, we conclude that X is compact. 
Problem 10. In the above statement, is it possible to drop the assumption that the tightness of X is countable?
A little more sophisticated than Corollary 8 is the following statement:
Theorem 11. Let X be a compact space such that the set A of all points of X at which X is not countably tight is
contained in the union of a separable subset B of X and a nowhere dense subset C of X. Suppose also that ω1 is
a precaliber of X. Then X is separable.
Proof. The complement Y in X to the closure of B ∪C is separable, by Corollary 8. Fix a countable dense subset M
in Y and a countable dense subset L in B . Clearly, M ∪L is dense in X. 
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separable? What if, in addition, X has a countable remainder?
Under MA + ¬CH the answer is “yes” (see [15]).
Observe the following obvious fact:
Fact 4. Every non-metrizable monolithic compact space of cardinality ω1 is a bambou space.
In this connection we mention the following open question:
Problem 13. Suppose that X is a monolithic compact space such that ω1 is a precaliber of X. Is X metrizable?
The Souslin continuum is a consistent example of a non-metrizable monolithic compactum with countable Souslin
number. However, ω1 is not a precaliber of the Souslin continuum. On the other hand, under (MA + ¬CH) every
monolithic compact space with countable Souslin number is metrizable [3].
In connection with the above observations and Fact 4 we mention one more fact and an open question.
Proposition 14. The weight of every monolithic compactum X with countable Souslin number does not exceed 2ω.
Proof. The set Y of points at which the π -character of X is countable is dense in X. This is so by a theorem of
Shapirovskij from [14], since X cannot be continuously mapped onto the Tychonoff cube Iω1 (observe that mono-
lithicity is preserved by continuous mappings in the class of compacta). The π -character and the Souslin number
of Y are countable. Hence (see [6]) the weight of Y is not greater than 2ω. Since Y is dense in X, it follows that the
π -weight of X is not greater than 2ω. Since the Souslin number of X is countable, it follows that the weight of X is
not greater than 2ω. 
Problem 15. Let X be a monolithic compactum of the weight  2ω. Is the cardinality of X not greater than 2ω?
Let I τ be a Tychonoff cube and Y be the Σ -product subspace of it. Take an arbitrary subset A of Y , and denote
by X the closure of A in I τ . Then X is a compactum, and any compactum that can be obtained in this way is called a
Valdivia compactum. All Tychonoff cubes, as well as all Corson compacta, are, of course, Valdivia compacta.
Notice that every Valdivia compactum of the weight ω1 has a dense bambou subspace. In the course of the proof
of Lemma 1 we have also proved the next result:
Theorem 16. For every non-separable compact space X, there is a continuous mapping of X onto a Valdivia com-
pactum Z of the weight ω1.
Since every Valdivia compactum of countable tightness is, clearly, a Corson compactum, we also have
Corollary 17. For every non-separable compact space X of countable projective π -character, there is a continuous
mapping of X onto a Corson compactum Z of the weight precisely ω1.
In the next section we systematically introduce in our arguments an important additional ingredient: the requirement
of homogeneity.
2. Some observations on cardinal invariants of homogeneous compacta
Theorem 18. If X is a homogeneous monolithic compactum, and ω1 is a precaliber of X, then under CH the space X
is metrizable.
Proof. The above restrictions on X imply that the π -character of X is countable [3]. The Souslin number of X is also
countable, since ω1 is a precaliber of X. By a theorem of Shapirovskij [6], the cardinality of X is not greater than 2ω.
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first countable. Hence, by Theorem 5, X is separable. Since X is monolithic, it follows that X is metrizable. 
Problem 19. Can we drop CH in the above statement?
Problem 20. Is every homogeneous monolithic compactum first countable?
This question is obviously related to the following one:
Problem 21. Is every non-empty monolithic compactum first countable at some point?
Here is an answer to Problem 20 in an important special case.
Theorem 22. Every homogeneous monolithic compactum X of the density ω1 is first countable.
Proof. The space X cannot be mapped onto Iω1 by a continuous mapping, since X is monolithic and Iω1 is not
monolithic. Therefore, by a theorem of Shapirovskij (see [14]), the π -character of X is countable at least at one point.
Since X is homogeneous, it follows that the π -character of X is countable at every point.
Observe that X has a dense bambou subspace, in view of the following obvious fact:
Fact 5. Every monolithic compactum of the weight ω1 has a dense bambou subspace.
Now it follows from Lemma 3 that X itself is a bambou space. It remains to apply a result from [11] which was
formulated there in slightly different terms: every compact bambou space is first countable at some point. Since X is
homogeneous, it follows that X is first countable. 
The class of homogeneous spaces can be considered as a very natural extension of the class of topological groups.
However, this extension is also very generous. So it seems reasonable to introduce and study various intermediate
classes of spaces. In particular, restricting ourselves to compacta, it is worth trying to solve in these classes of compacta
some open questions concerning homogeneous compacta. One new subclass of the class of homogeneous compacta
we introduce below.
Let X be a topological space and A be a subset of X. A shell for A in X is any closed subset B of X such that
A ⊂ B and the density d(B) does not exceed the cardinality of A. A space X is said to be shell-homogeneous if for
every infinite subset A of X there is a shell B for A in X such that B is a homogeneous subspace of X. Clearly,
every topological group is shell-homogeneous, and every shell-homogeneous space is homogeneous. The two arrows
space B of Alexandroff and Urysohn [5] is a first countable compactum that is not homeomorphic to any topological
group, since it is not metrizable. However, B is shell-homogeneous, since it is separable and homogeneous. How to
identify a natural compact topological space that is homogeneous but is not shell-homogeneous is far less clear.
Theorem 23. Every shell-homogeneous monolithic compactum X is first countable.
Proof. Since every non-empty monolithic compactum of countable tightness is first countable at some point (see [1]),
and X is homogeneous, it suffices to prove that the tightness of X is countable.
Assume the contrary. Then, by a theorem from [2], there is a free sequence ξ = {xα: α < ω1} in X, of the length ω1.
Since X is shell-homogeneous, there is a closed homogeneous subspace Z of X such that all elements of ξ are in Z
and the density of Z does not exceed ω1. By Theorem 22, Z is first countable. However, Z cannot be first countable,
since it is compact and contains a free sequence of the length ω1 [2], a contradiction. 
Now we need the following lemma that expresses the general idea behind the arguments in [11].
Lemma 24. Suppose that a compact space X is the union X =⋃{Xα: α < ω1} where each Xα is a Lindelöf subspace
of X and Xα ⊂ Xβ when α < β . Then one can find an α < ω1 and a non-empty Gδ-subset B of X such that B ⊂ Xα .
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Gδ = subsets Fα in X such that Fα and Xα are disjoint. In this construction we use the standard fact that if a point
b does not belong to a Lindelöf subspace Y then there exists a Gδ-set that contains b and does not intersect Y [5]. If
each Xα is closed in X, then the argument is even more transparent.
After the transfinite sequence ξ = {Fα: α < ω1} is constructed, we see that the intersection of it must be empty,
since Fα and Xα are disjoint. On the other hand, by compactness of X, the intersection of ξ must be non-empty,
a contradiction. 
Theorem 25. If X is a non-empty compact space of the density  ω1 such that the π -character of X is countable, and
the closure of every countable subset of X is first countable, then X is first countable at some point.
Proof. Fix a transfinite sequence {xα: α < ω1} dense in X, and put
Xα = {xβ : β < α}
for α < ω1. Clearly,
X =
⋃
{Xα: α < ω1},
since the π -character of X is countable. By Lemma 24, some Xα contains a non-empty Gδ-subset F of X. Observe
that Xα is first countable, by one of the assumptions in the theorem. Hence, every point of F is a Gδ-point in X. Since
X is a compactum, it follows that X is first countable at every point of F . 
To derive from the above theorem a corollary for homogeneous compacta, we need the following simple lemma:
Lemma 26. Suppose that X is a compactum such that the closure of every countable subset of X has countable
tightness. Then X cannot be mapped by a continuous mapping onto the Tychonoff cube Iω1 , and if X is not empty,
then the π -character of X at some point is countable.
Proof. We first prove the first statement. Assume the contrary, and fix a continuous mapping f of X onto the Ty-
chonoff cube Iω1 . Since Iω1 is separable, there is a countable subset A of X such that f (A) is dense in Iω1 . Then
the closure of A in X is a compactum F of countable tightness such that f (F ) = Iω1 . It follows that the tightness of
Iω1 is countable, a contradiction. Now, to derive the second statement from the first one, we refer to a well-known
theorem of Shapirovskij in [14]. 
Theorem 27. Every homogeneous compactum X, such that the closure of every countable subset of X is first countable
and the density of X is not greater than ω1, is first countable.
Proof. We may assume that X is non-empty. Then, by Lemma 26, the π -character of X at some point is countable.
Since X is homogeneous, it follows that the π -character of X is countable at every point. Now we can apply The-
orem 25 and conclude that X is first countable at some point. Hence, since X is homogeneous, the space X is first
countable. 
The technique developed above can be applied to prove the following theorem, which is one of our main results on
shell-homogeneous compacta. The proof also uses the following lemma which generalizes a result from [1].
Lemma 28. Suppose that X is a non-empty compact space of countable tightness such that the closure of every
countable subset of X is first countable. Then X is first countable at some point.
Proof. Since X is a non-empty compact space of countable tightness, there is a countable subset A of X and a non-
empty Gδ-subset F of X such that F ⊂ A. By the assumption, the space A is first countable. Since X is a compactum,
it follows that X is first countable at every point of F . 
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is first countable. Then X is first countable.
Proof. Since X is homogeneous, it follows from Lemma 28 that it is enough to show that the tightness of X is
countable. Assume the contrary. Then, since X is compact, there exists a free sequence ξ = {xα: α < ω1} in X, of the
length ω1. Since X is shell-homogeneous, we can find a subset A of X such that ξ ⊂ A, |A| = ω1, and Y = A is a
homogeneous subspace of X. Now Theorem 27 is obviously applicable; it follows that the space Y is first countable.
However, this is impossible, since X is compact and contains the free sequence ξ = {xα: α < ω1} of the length ω1.
This contradiction completes the proof. 
To give an application of the last result, we need the following lemma:
Lemma 30. Suppose that X is a shell-homogeneous compact space that cannot be continuously mapped onto Iω1 .
Then for any countable subset A of X, the cardinality of the closure of A in X does not exceed 2ω. If, in addition,
(CH) holds, then the closure of any countable subset A of X is first countable.
Proof. Since X is shell-homogeneous, there is a separable closed homogeneous subspace Y of X such that A ⊂ Y .
The space Y also cannot be continuously mapped onto Iω1 . Therefore, by Shapirovskij’s theorem, the π -character
of Y is countable at least at one point [14]. Since Y is homogeneous, it follows that the π -character of Y is countable
(at every point). Observe that the weight of Y does not exceed 2ω, since Y is separable. Now a theorem of J. van Mill
on the cardinality of homogeneous compacta [9] implies that |Y | 2ω. Thus, the first part of the conclusion is proved,
since the closure of A is contained in Y . To derive the second part of the conclusion from the first one, it is enough to
apply (CH) via the well-known ˇCech–Pospishil’s Theorem [5] and to refer again to homogeneity of Y . 
Now we can easily obtain one of our main results.
Theorem 31. Suppose that X is a shell-homogeneous compact space that cannot be continuously mapped onto Iω1 .
Suppose also that (CH) holds. Then X is first countable, and hence, the cardinality of X is not greater than 2ω.
Proof. This statement follows immediately from Lemma 30 and Theorem 29. 
Problem 32. Suppose that X is a shell-homogeneous compact space that cannot be continuously mapped onto Iω1 . Is
it true in ZFC that X is first countable?
Problem 33. Suppose that X is a shell-homogeneous compact space that cannot be continuously mapped onto Iω1 . Is
the cardinality of X not greater than 2ω (in ZFC)?
If in Problems 32 and 33 we replace “shell-homogeneous” by “homogeneous”, we also obtain open problems:
Problem 34. Suppose that X is a homogeneous compact space that cannot be continuously mapped onto Iω1 . Is it
true that X is first countable?
Problem 35. Suppose that X is a homogeneous compact space that cannot be continuously mapped onto Iω1 . Is the
cardinality of X not greater than 2ω?
In connection with this question see [16], where it is shown that the cardinality of every homogeneous compact
space of countable tightness does not exceed 2ω.
Several related questions are worth mentioning.
Problem 36. Suppose that X is a homogeneous compact space that cannot be continuously mapped onto Iω1 . Is X
shell-homogeneous?
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cardinality of the closure of every countable subset A of X not greater than 2ω?
Problem 38. Is every homogeneous compactum shell-homogeneous?
Problem 39. Is every homogeneous zero-dimensional compactum shell-homogeneous?
In connection with the last two questions the following comments are in order. D. Motorov proved in [10] that,
for every zero-dimensional first countable compact space X, the space Xω is homogeneous. A. Dow and E. Pearl
generalized this statement to arbitrary Hausdorff spaces [4]. However, among homogeneous spaces constructed in this
way we cannot find a counterexample to Problem 39. This follows from the next theorem.
Theorem 40. Let X be any zero-dimensional first countable space. Then the space Xω is shell-homogeneous.
Proof. We have Xω = Π{Xi : i ∈ ω}, where Xi = X, for each i ∈ ω. Let πi be the natural projection of Π{Xi : i ∈ ω}
onto Xi . Take any infinite subset A of Π{Xi : i ∈ ω}, and put Ai = πi(A) for i ∈ ω, B =⋃{Ai : i ∈ ω}. Then, clearly,
|B| |A|. Now let Y be the closure of B in X. Obviously, Y is a zero-dimensional first countable space, so that Yω
is a homogeneous subspace of Xω [4]. Since Yω is closed in Xω and A is, obviously, a subset of Yω, it remains to
observe that the density of Yω does not exceed the density of Y , that is, the density of Yω is not greater than |A|.
Hence, Xω is shell-homogeneous. 
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